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Abstract 

The objective of this work is twofold: First, we analyze the relation between the fc- 
cosymplectic and the fc-symplectic Hamiltonian and Lagrangian formalisms in classical field 
theories. In particular, we prove the equivalence between fc-symplectic field theories and the 
so-called autonomous fc-cosymplectic field theories, extending in this way the description of 
the symplectic formalism of autonomous systems as a particular case of the cosymplectic 
formalism in non-autonomous mechanics. Furthermore, we clarify some aspects of the geo- 
metric character of the solutions to the Hamilton-de Donder-Weyl and the Euler-Lagrange 
equations in these formalisms. Second, we study the equivalence between fc-cosymplectic 
and a particular kind of multisymplectic Hamiltonian and Lagrangian field theories (those 
where the configuration bundle of the theory is trivial). 
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1 Introduction 



The k-symplectic and k-cosymplectic formalisms are the simplest geometric frameworks for 
describing classical field theories. The /c-symplectic formalism [13\ I25j (also called polysymplec- 
tic formalism) is the generalization to field theories of the standard symplectic formalism in 
autonomous mechanics, and is used to give a geometric description of certain kinds of field the- 
ories: in a local description, those whose Lagrangian and Hamiltonian functions do not depend 
on the coordinates in the basis (in many of them, the space-time coordinates). The founda- 
tions of the /c-symplectic formalism are the /c-symplectic manifolds intoduced in [H [31 H] • The 
/c-cosymplectic formalism is the generalization to field theories of the standard cosymplectic 
formalism for non-autonomous mechanics, |2H I22j. and it describes field theories involving the 
coordinates in the basis on the Lagrangian and on the Hamiltonian. The foundations of the 
/c-cosymplectic formalism are the /c-cosymplectic manifolds introduced in |21[ I22j . One of the 
advantages of these formalisms is that only the tangent and cotangent bundle of a manifold are 
required for their development. (A brief review of /c-symplectic and /c-cosymplectic geometry 
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is given in Section I2.2|) . Other different polysymplectic formalisms for describing field theories 
have been proposed in [TO1 HH [13 [23l [261 (III SO] . 

In these formalisms, the field equations (Hamilton-de Donder-Weyl and Euler-Lagrange equa- 
tions) can be written in a geometrical way using integrable /c-vector fields. However, although 
integral sections of integrable /c-vector fields (i.e., integrable distributions) that are solutions 
to the geometrical field equations are proved to be solutions to the Hamilton-de Donder-Weyl 
or the Euler-Lagrange equations, the converse is not always true. This also occurs when other 
geometric descriptions of classical field theories in terms of multivector fields are considered (see 
[U [28] for details in the case of multisymplectic field theories). Here we prove that, in the 
&-cosymplectic formalism, every solution to the Hamilton-de Donder-Weyl equations is, in fact, 
an integral section of an integrable k- vector field that is a solution to the geometrical field equa- 
tions in the Hamiltonian formalism. Nevertheless, in the /c-symplectic Hamiltonian formalism, 
this is no longer true, unless some additional conditions on the solutions to the Hamilton-de 
Donder-Weyl are required. All these features are discussed in Sections 12.31 B31 12.51 13.2] and 13.31 

After reviewing the fc-cosymplectic Hamiltonian formalism in Section [2T4l Section [2"31 contains 
other relevant results of this work. In particular, the relation between the fe-cosymplectic and 
the fc-symplectic Hamiltonian formalism is studied here, proving the equivalence between k- 
symplectic Hamiltonian systems and a class of fc-cosymplectic Hamiltonian systems: the so-called 
autonomous k-cosymplectic Hamiltonian systems. This generalizes the situation in classical 
mechanics, where the symplectic formalism for describing autonomous Hamiltonian systems 
can be recovered as a particular case of the cosymplectic Hamiltonian formalism when systems 
described by time-independent Hamiltonian functions are considered. 

A more general geometric framework for describing classical field theories is the multisym- 
plectic formalism [U [12J [24] , first introduced in [TU [TTJ, [18] , which is based on the use of mul- 
tisymplectic manifolds. In particular, jet bundles are the appropriate domain for stating the 
Lagrangian formalism [31], and different kinds of multimomentum bundles are used for devel- 
oping the Hamiltonian description [91 [T4"[ [T9] . (A brief review of multisymplectic Hamiltonian 
and Lagrangian field theories is given in Sections 14. 1[ 14. 2\ and 15. ip . 

Multisymplectic models allow us to describe a higher variety of field theories than the k- 
cosymplectic or /c-symplectic models, since for the latter the configuration bundle of the theory 
must be a trivial bundle; however, this restriction does not oocur for the former. Another goal of 
this paper is to show the equivalence between the multisymplectic and fc-cosymplectic descrip- 
tions, when theories with trivial configuration bundles are considered, for both the Hamiltonian 
and Lagrangian formalisms. In this way we complete the results obtained in [20], where an 
initial analysis about the relation between multisymplectic, /c-cosymplectic and fc-symplectic 
structures was carried out. This study is explained in Sections 14.31 and 15.21 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over crossed 
repeated indices is understood. 

2 /c-symplectic and /c-cosymplectic Hamiltonian formalisms 

2.1 k- vector fields and integral sections 

(See [21J and [29J for details). If M is a differentiable manifold, let T\M = TM® . k . . ®TM be 
the Whitney sum of k copies of TM, and rL: T^M — > M its canonical projection. T^M is 
usually called the k-tangent bundle or tangent bundle of k 1 -velocities of M. 



N. Roman-Roy et al, k-symplectic, k-cosymplectic and multisymplectic formalisms. 



4 



Definition 1 A /c-vector field on M is a section X: M — > T}M of the projection t\ 



M ■ 



Giving a k- vector field X is equivalent to giving a family of k vector fields X\ , . . . , X^ on M 
obtained by projecting X onto every factor; that is, Xa = t^oX, where ta '■ T^M — > TM is the 
canonical projection onto the A^-copy TM of T^M. For this reason we will denote a /c-vector 
field by X = (X u ...,X k ). 

Definition 2 integral section of the k-vector field X = (X±, . . . , passing through a point 
x G M is a map (f>: U C R k -> M, denned on some neighborhood Uq of G R , suc/i £/ia£ 

0(0) = x, <^(i) Q = *a(<K*)) , for every i G <7 , 1 < A < k . 

A k-vector field is said to be integrable if there is an integral section passing through every point 
ofM. 

Remark: /c-vector fields in a manifold Ai can also be defined more generally as sections of 
the bundle A fc (T.M) — > M. (i.e., the contravariant skew-symmetric tensors of order k in M). 
The /c-vector fields defined in Definition [1] are a particular class: the so-called decomposable or 
homogeneous k-vector fields, which can be associated with distributions on J\A. We remark that 
a /c-vector field X = (X%, . . . , X k ) is integrable if, and only if, {X±, . . . , X^} define an involutive 
distribution on M.. (See [7] for a detailed exposition on these topics). 



2.2 A;-symplectic and fc-cosymplectic manifolds 

(See pl| and [29J for details). 

Definition 3 (Awane |2j) A /c-symplectic structure on a manifold M of dimension N = n + kn 
is a family (uj a ,V;1 < A < k), where each uj a is a closed 2-form and V is an integrable 
nk- dimensional distribution on M such that 

(i) u A \ V xV = 0, (ii) n k A=1 kera/ 4 = {0} . 
Then (M, ui A ,V) is called a /c-symplectic manifold. 

Theorem 1 (Awane [2]) Let (u> A ,V; 1 < A < k) be a k-symplectic structure on M. For every 
point of M there exists a local chart of coordinates ((f,p^), l<i<n, l<A<k, such that 

u J A = dq l Adp A , V =(^j,...,^) ; l<A<k . 

The canonical model for this geometrical structure is ((T£)*Q,u , V), where Q is a re- 
dimensional differentiable manifold and (T£)*Q = T*Q(B k ■ @T*Q is the Whitney sum of k 
copies of the cotangent bundle T*Q, which is usually called the k-cotangent bundle or bundle 
of k l -covelocities of Q. We use the following notation for the canonical projections: 

k A - (TkTQ -> T*Q , ^-.(TlTQ^Q ; (I < A < k) , 

(here ir A is the canonical projection onto the A th -copy T*Q of (T£)*Q). So, if q G Q and 
(aj,..., a{) G (T£)*Q, we have 

7r A (al,...,a k q ) = af , 7i£(aJ, . . . , a*) = q (1 < A < k) . 
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If (q % ), 1 < i < n, are local coordinates on U C Q, the induced local coordinates (q l ,p A ) on 
{k 1 qT 1 {U) = {TlfU are given by 

q l {a\,...,a k q ) =q i (q) , pftaj, . . . ,aj) = a£ ^| J . 

The canonical fc-symplectic structure in (T^)*Q is constructed as follows: we define the 
differential forms 

A = (ir A )*9 , uj a = (tt a )*co ; 1 < A < k , (1) 

where is the Liouville 1-form on T*Q and u = —d6 is the canonical symplectic form on T*Q. 
Obviously uj a = —dO A . In local coordinates we have 

6 A = p A dq i , u) A = dq 1 A dp A ; 1 < A < k . (2) 

The canonical A;-symplectic manifold is ((T£)*Q, uj a , V) where V = ker(7Tg)*. 

Definition 4 Let M be a differentiable manifold of dimension k(n + 1) +n. A fc-cosymplectic 
structure is a family (r] A ,Q A ,V) (1 < A < k), where r\ A G Q 1 {M), £l A G J? 2 (M), and V is an 
nk- dimensional distribution on M, such that 

1. V 1 A---A77 fe ^O, T] A \ V = 0, n A \ VxV = 0. 

2. (n k A=1 ker r, A ) n {n k A=1 ker Q A ) = {0}, dim(n k A=1 ker Q A ) = k. 

3. The forms r\ A and Q A are closed, and V is integrable. 

Then, (M,rj A ,U A ,V) is said to be a fc-cosymplectic manifold. 

For every A;-cosymplectic structure (n A , Q A , V) on M, there exists a family of k vector fields 
{Ra} i<A<k, which are called Reeb vector fields, characterized by the following conditions 

i(R A )n B = 5% , i{R A )tt B = ; 1 < A, B < k . 

Theorem 2 (Darboux Theorem): If M is a k-cosymplectic manifold, then for every point of 
M there exists a local chart of coordinates {t A ,q\pf), 1 < A < k, 1 <i <n, such that 

n A = dt A , n A = dq i Adp A , V=(£ T ,...,£\ 

\dp} m / i=l,...,n 

The canonical model for these geometrical structures is {R k x {TlYQ, V A , Q A , V). If (t A ) are 
coordinates in R k , and (q l ) are local coordinates on U C Q, then the induced local coordinates 
(t A ,q\pf ) on R k x (T£)*U are given by 

t A {t,a\,...,a k q )=t A , q i (t,a 1 q ,...,a k ) = q i (q) , p A {t,a\, . . . ,a k q ) = a A 



Considering the canonical projections (submersions), we have the commutative diagram: 
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In particular, if t = (t 1 , . . . , t k ) G R k , q G Q and (t, al, . . . , a k ) el'x (T%)*Q, we have 



7f 2 (t,a^...,a|) = (a*,..., a*) , 7f^(i, a£, . . . , a*) 
7fi(t,ag,...,trf) = g 
7f*(*,aJ,...,a*) = i 



>' ■ ' '</ y ' (^g ) 

7f^(t,aJ,...,a*) = t A 
7f A (t,a;L...,aJ) = (t A ,af) 



(3) 



The canonical /c-cosymplectic structure in M. k x [T^)*Q is constructed as follows: we define 



the differential forms 

V A = (Tt A )*dt A , e A = (Tt A ye , n A = (t$)* u ■ 1 < a < k . 

Obviously £1 A = —dQ A . In local coordinates we have 



(4) 



V A = dt A , Q A = p A dq i , n A = dq l A dpf ; l<A<k (5) 

The canonical /c-cosymplectic manifold is x (T£)*Q, rj A , fl A , V) where V = ker (vTo)*, and 

/ d \ d 
locally V = ( — — ^ ) . Moreover, the Reeb vector fields are Ra = tt^! 1 < A < fc, 

\°Pi I l<A<k, l<i<n 

which are defined intrinsically in M. k x (T^,)*Q and span locally the vertical distribution with 
respect to the projection n2\ i.e., the distribution generated by ker {^2)*. 

Finally, taking into account ([IJ), (|4]), and the commutativity of the diagram ([3]), we have that 

@ A = TtW A , ft A = tv%oj a ; 1< A < k . 



I 2 U , 14 — 7l 2 tW , ± ^ ^ A, . (6) 

Furthermore, the vector fields spanning the distributions V on W k x (T?)*Q, and V on {T^)*Q 
are also ^-related. 



2.3 A;-symplectic Hamiltonian systems 

Consider the fc-symplectic manifold ((T%)*Q, uj a , V), and let H G C°°((T fc 1 )*Q) be a Hamiltonian 
function. ((T£)*Q, H) is called a k-symplectic Hamiltonian system. The Hamilton-de Donder- 
Weyl equations (HDW-equations for short) for this system are the set of partial diferential 
equations: 

dH dip A dH A , 
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where tp: R k -» (T£)*Q, ip(t) = (^*(t), ipf(t)), is a solution. 

We denote by X k H ((T^)*Q) the set of fc-vector fields X = (Xi, . . . , X k ) on (T^)*Q which are 
solutions to the equations 

k 

i(X A )u A = dH . (8) 

A=l 



In a local system of canonical coordinates, each X A is locally given by 

X A = (X A y^L + iX A )f-£- , 1 < A < k , (9) 

then, using ([2]), we obtain that the equation ([8]) is equivalent to the equations 



k 

The existence of fe-vector fields that are solutions to ([8]) is assured, and in a local system of 
coordinates they depend on n(k 2 — 1) arbitrary functions. Nevertheless, they are not necessarily 
integrable, and hence the integrability conditions imply that the number of arbitrary functions 
will in general be less than n(k 2 — 1). 

Proposition 1 Let X = (X\, . . . } Xk) be an integrable k-vector field in (T^)*Q and ip: M fc — > 

(T^,)*Q an integral section o/X. Thenip(t) = (ip l (t), ipf(t)) is a solution to the HDW- equations 
if and only if, X G X k H ((T^)*Q). 

(Proof): If ip(t) = (ip l (t),if) A (t)) is an integral section of X, then 

and therefore (fTUj) are the HDW-equations ([7]). ■ 

Remark: It is important to point out that the equations ([7j) and ((8]) are not equivalent, 
because there is no way to prove that every solution to the HDW-equations (JT]) is an integral 
section of some integrable A;- vector field of 3i k H ((Tl)* Q) , unless some additional conditions are 
required. In particular, we could assume the following condition (which holds for a large class 
of mathematical applications and physical field theories): 

Definition 5 A map tp: M. k — > (T^)*Q, solution to the equations ([7|) ; is said to be an admissible 
solution to the HDW-equations for a k-symplectic Hamiltonian system ((T^)*Q,H), iflmijj is 
a closed embedded submanifold of (T^)*Q. 

We say that ((T^)*Q,H) is an admissible fc-symplectic Hamiltonian system if all the solu- 
tions to its HDW-equations are admissible. 

Proposition 2 Every admissible solution to the HDW-equations {?]) is an integral section of an 



in- 



tegrable k-vector field X e X k H ((T^)*Q). 



(Proof): Let ip: R k — > (T%)*Q be an admissible solution to the HDW-equations 0. By 
hypothesis, Im-0 is a fc-dimensional closed submanifold of (T£)*Q. As tp is an embedding, we 
can define a fc-vector field X|i m ^, (at support on Im^i), and tangent to Im^, by 

x A (m) = wo.(<) ( 
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which is a solution to ([S]) on the points of Im^, since (jlUj) holds on these points as a consequence 
of (|7|) and (fTTj) . Furthermore, by hypothesis, Imip is a closed submanifold of (T£)*Q; therefore 
we can extend this /c-vector field X|i m ^, to an integrable /c-vector field X G jC^((T^)*Q) in such 
a way that this extension is a solution to the equations ([8]) (remember that these equations 
have solutions everywhere on (Tl)*Q), and which obviously has tp as an integral section. This 
extension is made at least locally, and then the global /c-vector field is constructed using partitions 
of unity. ■ 

In this way, for admissible /c-symplectic Hamiltonian systems, the field equations (|8j) are a 
geometric version of the HDW-equations (JT]). 

2.4 A>cosymplectic Hamiltonian systems 

Consider the fc-cosymplectic manifold (R k x (T£)*Q, tj a , £l A , V), and let H G C°°(R k x (T£)*Q) 
be a Hamiltonian function. (R k x (T^)*Q,7i) is called a k-cosymplectic Hamiltonian system. 
The HDW-equations for this system are the set of partial diferential equations: 

%-t% ■ g-g : 1 S -A < *, 1 < i<n. 

where the solutions ip(t) = (t, (t) , ^) A (t)) are sections of the projection ir k :R k x (T£)*Q — > R k . 

We denote by X^(M fc x {T£)*Q) the set of A;- vector fields X = (X u . . . , X k ) on R k x (T fc 1 )*Q 
wich are solutions to the equations 

k k 

]T i(X A )n A = &H-Y, Ra(H) V A , V A (X B ) = 4; 1 < A, B < k . (13) 

A=l A=l 
since R A = d/dt A and 7] A = dt A , then we can write locally the above equations as follows 

^i(X A )n A = dH-^^ AtA > dt A (X B )=8 A ; l<i,B<L (14) 

A=l A=l 



In a local system of coordinates, X A are locally given by 

*A = + + (^)f ^ ■ (15) 

and, using ([2]), we obtain that the equations ([13]) are equivalent to the equations 

The existence of /c-vector fields that are solutions to (|14p is assured, and in a local system 
of coordinates they depend on n(k 2 — 1) arbitrary functions, but for integrable solutions the 
number of arbitrary functions is, in general, less than n{k 2 — 1). 

Proposition 3 Let X = (Xx, . . . , Xk) be an integrable k-vector field in R k x (T^)*Q and 
^ : r* _> Rfc x (T^Q an mteora/ section o/ X. Then tjj(t) = (t, ^(t), $*(t)) is a solution 
to the HDW-equations if, and only if, X G X^(M fc x (T£)*Q). 
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(Proof): If ip(t) = (t,ip l (t),ij)f(t)) is an integral section of X, we have that 

§ = (x B y , $ = (i7> 

and therefore we obtain that (|16p are the HDW-equations ([7]). ■ 
Furthermore we have: 

Proposition 4 Every section ift: M. k — ► M fc x (T^)*Q of the projection that is a solution to the 
HDW-equations is an integral section of an integrable k -vector field X € 3t^(M x (T^)*Q). 



(Proof): Let ip : Uq C M. k —> M. k x (T^)*Q be a section of the projection Wf. that is a solution 
to the HDW-equations (|12p . We have that ?/> is an injective immersion and limp is a closed 
submanifold of R k x (Tl)*Q, since Im^S = graph ip, for V = *2 ° 4> '■ K fc — > (T£)*Q. Then the 
construction of the integrable fc- vector field in M fc x (T£ )*Q, which has t/S as integral section and 
is a solution to (|13p . follows the same pattern as in proposition [5J ■ 

So the equations (fl"3j) are a geometric version of the HDW-equations (fT2l) . 



2.5 Autonomous A;-cosymplectic Hamiltonian systems 

Following a terminology analogous to that in mechanics, we define: 

Definition 6 A k-cosymplectic Hamiltonian system (M. k x (T^)*Q,Ti) is said to be autonomous 
if L(R A )H = = 0, for 1 < A < k. 

Observe that the condition in definition [U] means that Tt does not depend on the variables 
t A , and thus H = Tt* 2 H for some H 6 C°°((T^)*Q). 

For an autonomous fc-cosymplectic Hamiltonian system, the equations become 

k 

i(X A )£l A = m , n A (X B ) =S A ; 1 < A, B < k . (18) 

A=l 

Therefore: 

Proposition 5 Every autonomous k-cosymplectic Hamiltonian system (R. k x (T^)*Q,7i) defines 
a k-symplectic Hamiltonian system ((T^)*Q,H), where TL = k\H, and conversely. 

We have the following result for solutions to the Hamilton-de Donder-Weyl equations: 

Theorem 3 Let (M. k x (T^)*Q,TC) be an autonomous k-cosymplectic Hamiltonian system and let 
((T^)*Q,H) be its associated k-symplectic Hamiltonian system . Then, every section tp: M. k — > 
R k x (Tl)*Q, that is, a solution to the HDW-equations (TUP for the system (R k x (T£)*Q,H) 
defines a map ip: M fc — > (T^)*Q that is a solution to the HDW-equations ^ f or the system 
((T^)*Q, H); and conversely. 
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(Proof): Since Ti = ir 2 H we have 

dH _dH dH _ dH 

dq % dq l ' dpf dpf 

Let if) : R k — > R fc x (T£ )*Q be a section of the projection 7f&, which in coordinates is expressed 
as if)(t) = (t,if)'''(t),if) A (t)). Then we construct the map if) = tt 2 $ : R fc ~ (T^)*Q, which in 
coordinates is expressed as if)(t) = (if) 1 (t) , if>f (t)) = (if) l (t),if) A (t)). Then, if if) is a solution to the 
HDW-equations (fl2l) . from (fl9l) we obtain that if) is a solution to the HDW-equations ([7]). 

Conversely, consider a map 0: R fc -» (T%)*Q. We define ij) = (Id Rk ,if)) : R k -> M fc x (T fc 1 )*Q. 
Furthermore, if ^(*) = (*), V'iH*)), th en rfj(t) = (t, ip' l (t), if) A (t)), with = ip' l (t) and 

if)f(t) = if> A (t) (observe that, in fact, lmif> = graph if)). Hence, if ip is a solution to the HDW- 
equations (jTj) , from (fl~9l) we obtain that ^ is a solution to the HDW-equations (fT2|) . ■ 

For fe-vector fields that are solutions to the geometric field equations ([8]) and (|18|) we have: 



Proposition 6 Let (R fc x (T^)*Q,7i) 6e an autonomous k-cosymplectic Hamiltonian system 
and let ((T^)*Q,H) be its associated k-symplectic Hamiltonian system. Then every k-vector 
field X G ^(T^Q) de/ines a k-vector field X G £^(R fc x (TjJ)*Q). 

Furthermore, X is integrable if, and only if, its associated X is integrable too. 



(Proof): Let X = (Xl, . . . , X) £ X^((T fc 1 )*Q). For every A = 1, . . . , Jfc, let X A G £(R fc 
(T^)*Q) be the suspension of the corresponding vector field X A G 3Z((T^)*Q), which is defined 
as follows (see pQ, p. 374, for this construction in mechanics): for every p G (TjJ let ■jp : R — > 
(T^)*Q be the integral curve of X^ passing through p; then, if to = (*o> ••• >*o) e ^ fc > we can 
construct the curve 7^ : R — > R fe x (T£)*Q, passing through the point p = (to, p) G R k x (T%)*Q, 
given by ^(t A ) = (ij, • • • , t A + t A , . . . , i§; j p (t A )). Therefore, Xa is the vector field tangent to 
jp at (to,p). In natural coordinates, if Xa is locally given by Q, then Xa is locally given by 

x A = 4a + (^o'A + (xof A = 4a+ n(x A y4- + ,} 



x 



dt A 1 v AJ dqi 1 v A/l dpf dt A 1 2V A; ^ 1 "^" A >» apf ' 

Observe that X^ are 7f2-P r °j ec t a ble vector fields, and (7f2)*X4 = Xa. In this way we have 
defined a /c- vector field X = (Xi , . . . , X& ) in R k x (Tu)*Q. Therefore, taking © into account, 

k k k 

i(X A )VL A -dH = Y, i(X A )TT* 2 uJ A - d(Tt* 2 H) = 7t* 2 (Y^ i((ir 2 )*X A )u) A - dH) = , 
A=l A=l A=l 

since X = (Xi, ... ,X k ) G X k H (T^)*Q), and therefore X = (X, ... ,X fc ) G £^(R fc x (T^)*Q). 

Furthermore, if if): R k — > (T£)*Q is an integral section of X, then rp: R k — > R fc x (T^)*Q 
such that t/S = (Id^k,ifi) (see Theorem [3|) is an integral section of X. 

Now, if ^ is an integral section of X, the equations (fT7|) hold for ip(t) = (t, if) 1 (t) , if)f (t)) and, 
as (X A ) 1 = ^(Xa) 1 and (X A )f = it 2 (XA)f , this is equivalent to saying that the equations (fTT|) 
hold for ^/>(t) = (if) l (t),if) A (t)); that is, ■0 is an integral section of X. ■ 

Remark: The converse statement is not true. In fact, the fc-vector fields that are solution 
to the geometric field equations (fT8l) are not completely determined, as the equations (fTBT) show, 
and then there are fe-vector fields in X^(R k x (T^)*Q) that are not -n^-projectable (in fact, it 
suffices to take their undetermined component functions to be not 7f2-projectable). However, we 
have the following particular result: 
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Proposition 7 Let ((T^)*Q, H) be an admissible k-symplectic Hamiltonian system, and (M. k x 
(T^)*Q,Ti.) its associated autonomous k-cosymplectic Hamiltonian system. Then, every inte- 
grable k -vector field X G X^(M fc x (T£)*Q) defines an integrable k -vector field X G 3£jj((T£)*Q). 

(Proof): If X G X^(R k x (T fe 1 )*Q) is an integrable /c-vector field, denote by S the set of its 
integral sections (i.e., solutions to the the HDW-equations (fl2j) ). Let S be the set of maps 
ijj: M. k — > (T£)*Q associated with these sections by Theorem [31 which are admissible solutions to 
the HDW-equations ©, by the hypothesis that ((T fc 1 )*Q, uj a , H) is an admissible A;-symplectic 
Hamiltonian system. Then, by proposition [2] we can construct an integrable £;-vector field 
X G 3^((Tjf)*Q) for which 5 is its set of integral sections (which are admissible solutions to 
the HDW-equations (J7J)). ■ 



3 /c-symplectic and /c-cosymplectic Lagrangian formalisms 

(See [251 [29] f° r details on the construction of this formalism). 

3.1 Canonical structures in the bundles T\Q and R k x T\Q 

Consider the bundle Tq : T\Q — > Q (see Section I2TT]) . If (q l ) are local coordinates on U C Q then 
the induced local coordinates (?*,«*), 1 < i < n, in T£7 = (tq) _1 (?7) are given by q l {v q ) = q l {q), 
v l (v q ) = v q (q l ), and the induced local coordinates (q l ,v A ), 1 < i < n, 1 < A < k, in T^f = 
{tq)~ 1 {U) are given by 

q l {v Xq , . . .,v kq ) = q l (q), v A {v lq , . . . ,v kq ) = v Aq {q l ) ■ 

For a vector Z q G T q Q, and for A = 1, . . . , k, we define its vertical A-lift, (Z q ) VA , at the point 
(fig, • • • , G Tjj;Q, as the vector tangent to the fiber (tq) _1 ((7) C T k l Q, which is given by 



In local coordinates, if X q = a ! 



d_ 

dq 1 



(Z q ) VA (v lq ,...,V A ) = —(vi q ,...,V A -lg,VA i + sZ q ,V A +lg, ■ ■ ■ ,V kq )\s=0 

a 



we have (Z q ) VA (v lq , . . . , v kq ) = a 1 ^ ; 



. Then, 

(vi q ,...,v kq ) 



q UV A 

the canonical k-tangent structure on T^Q is the set (S 1 , . . . , S k ) of tensor fields of type (1, 1) 
defined by 

S A (w q )(Z Wq ) = ((r^Uw q )(Z Wq )) VA (w q ) , for w q G TlQ, Z Wq G T Wq (T^Q); A = 1, . . . , k . 
In local coordinates we have 

S A = ^r®dq l . (20) 
ov A 

The Liouville vector field A G X(TlQ) is the infinitesimal generator of the following flow 

R X T k Q — >T k Q , ^(s,v lq , . . . ,v kq ) = (e s v lq , . . . ,e s v kq ) , 
and in local coordinates it has the form 

A = y v i A JL. 
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Now, consider the manifold J l n^k of 1-jets of sections of the trivial bundle 7r R fe : M. k x Q — > M fc , 
which is diffeomorphic to M. k x TuQ, via the diffeomorphism given by 

J 1 ^ R k x ThQ 

k (21) 
jt4> = 3t ( Id R k Aq) , v k ) , 

where (f> Q : R k -t M fc x Q ^3 Q, and u A = (<^q)*(*)(^j ), for 1 < A < £;. We denote by 
tA: M fc x T^Q — > Q the canonical projection. If {q l ) are local coordinates on U C then the 
induced local coordinates (i^, g , i/^) on (fg)~ 1 (L r ) = R fc x T^U are 

^(i,^,...,^) = t A ; q l (t,v lq ,...,v kq ) = q L {q)- v l A (t, v lq , . . . , v kq ) = v Aq (q l ) . 

We consider the extension of S A to M. k x T^Q, which we denote by S A , and they have the 
same local expressions (I20p . Finally, we introduce the Liouville vector field A £ X(IR fc x T^Q), 
which is the infinitesimal generator of the following flow 

lx(I fc x TjjQ) — ► R fc x TlQ 

{s,{t,v lq ,. . . ,v kq )) — > (t,e s vi g ,...,e s t; fc g), 

and in local coordinates it has the form 

A = Yv A -^L, (22) 

i, A A 



3.2 A>symplectic Lagrangian formalism 

Let L G C°°(T^Q) be a Lagrangian function. 

A family of forms A £ i? 1 (T^ 1 Q), 1 < ^4 < fc, is introduced by using the /c-tangent structure 
of T^Q, as follows 

9 A = dLoS A l<A<k , 
and hence we define u A = —d6 A . In coordinates 

We can also define the Energy Lagrangian function associated to L, El e C°°(T^Q), as £x = 
A(L) — L. Its local expression is 

Finally, the Legendre map FL : T^Q — ► (T^)*Q was introduced by Giinther [13], and we rewrite 
it as follows: if (vi q ,. . . , v kq ) G (T^) q Q 



[FL(v lq ,...,v kq )] A (w q ) = ^-L(v lq ,...,v Aq +sw q ,...,v kq )\ s=0 , 



for each A = 1, . . . , k. We have that FL is locally given by 

• dL .\ 



(«'.<&)—• U'-g^J- (^) 
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Furthermore, from @ and (|23|) we obtain that 



FL 



oj a = FL*u> A 



(24) 



The Lagrangian L is said to be regular if ( d Tq 3 ) ^ s a non-singular matrix at every point of 
T\Q. Then, from fl23|) and J23D we get: 



Proposition 8 Zei L € C°°(T^Q) be a Lagrangian. The following conditions are equivalent: 

1) L is regular. 2) FL is a local diffeomorphism. 3) (T^Q,uj a ,V), where V = Ker^q)*, 
a k-symplectic manifold. 



is 



A Lagrangian function L is said to be hyperregular if the corresponding Legendre map FL 
is a global diffeomorphism. If L is regular, {T^Q,L) is said to be a k-symplectic Lagrangian 
system. If L is not regular (TlQ, L) is a k-presymplectic Lagrangian system. 



The Euler-Lagrange equations for L are: 
k 

i)l A t \dv\ r -i/ 



T — 

A=l 



dL_ 

dq l 



1< i < n, 1 < A < £; 



(25) 



whose solutions are maps ip: M. k — > T^Q that, as a consequence of the last group of equations 
(|25p . are first prolongations to T^Q of maps <f> = Tgoip: M fc — > Q; that is, y> are holonomic. This 
means that </? = where 



: M fc 



<f>M(t) = (<f>.(t){ 



777T 



Let X^(T^(5) be the set of fc-vector fields T = (Ti, . . . , T^) in T^Q, wich are solutions to 



^i(T A )u£ = dE L 



A=l 



UT A = (T A y— + (T A )i— r- locally, then T is a solution to (ESI) if, and only if, (Ta) 
(r A y B satisfy 



(26) 



and 



9 2 L d 2 L 
+ 



(Ta) 



g 2 L 



(rA)i 



ii 



2 L 



- M 4 



' d 2 £ _ ^ 

8 2 L 



dvLd 



' v A ■ 



B WW A 



If the Lagrangian is regular, the above equations are equivalent to 

d 2 L 



d 2 L . j (9L y 



The last group of these equations is the local expression of the condition that T is a SOPDE (see 
|25j). and hence, if it is integrable, its integral sections are first prolongations (fr^ : M fc — > T^Q 
of maps cf): R k -> Q, and using the first group of equations, we deduce that <fi( > are solutions 
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to the Euler-Lagrange equations (|25|) . If L is not regular then, in general, the equations (|25[) or 
(|26p have no solutions anywhere in T k l Q, but they do in a submanifold S oiT^Q (in the most 
favourable situations). Moreover, solutions to (I26p are not SOPDE necessarily. 

We define admissible solutions to the Euler-Lagrange equations and admissible k-symplectic 
Lagrangian systems in the same way as in the Hamiltonian case (definition [5]) . Then the state- 
ment of Proposition [2] can be proved analogously for these admissible solutions. This proof holds 
for regular /c-symplectic Lagrangian systems, and for the non-regular case the proof is still valid 
considering the submanifold S of (T k )*Q where the Lagrangian field equations have solutions. 



3.3 /c-cosymplectic Lagrangian formalism and autonomous fc-cosymplectic 
Lagrangian systems 

Let £ G C°°{R k x TlQ) be a Lagrangian . 

A family of forms Q A £ fl 1 (R k x T^Q), 1 < A < k, is introduced by using the A;-tangent 
structure of R k x T^Q, as follows 

Q A = d£oS A 1 < A < k , 

and hence we define Q A = — d@ A . In coordinates 



£^L dq i n A = -^-dq' A dq j + dq l A dv> + - % =■ . dq l A dt B 

dv\ c 3q>dv\ dv> B dv\ B dt B dv\ 



We can also define the Energy Lagrangian function associated to £, £jr € C oc (M A: x T k l Q) as 
£c = — £, whose local expression is 

ov A 

Finally, the Legendre map F£: R k x T^Q — > R k x {T k x )*Q, is defined as follows: 
F£(t, v lq , v kq ) = (t,..., [F£(t, v lq , v kq )] A , . . .) 

where 

[F£(t, Vl q , V kq )] A (Wq) = — £ (t, V lq , ...,V Aq + SW q , . . . , V kq j) | s=0; 

for each A = 1, . . . , k; and it is locally given by 

F£:(t A ,q\v\)^ (*V, |£) ■ (28) 

It is obvious that 

Q A = F£*Q A , n A = F£*n A , 1 < A < k . (29) 
Observe that F£ = ld Rk x FL: R h x T\Q -> M fc x (Z£)*Q, (see ©, (jMD and ([22])). 

The Lagrangian £ = £(t B , qi , v B ) is regular if the matrix ( f £ ) is not singular at every 

dv A ov B 

point of R k x T k l Q. Then, from (|5j), (I28p and (I29D we deduce the following proposition (See [22J): 

Proposition 9 Let £ € C°°(IR fc x T k Q) be a Lagrangian. The following conditions are equiva- 
lent: 

1) £ is regular. 2) F£ is a local diffeomorphism. 3) (R k x T k Q, dt , Cl A , V), where V = 
ker(fo)*, is a k-cosymplectic manifold. 
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A Lagrangian function C is said to be hyperregular if the corresponding Legendre map FC is 
a global diffeomorphism. If C is regular, (R k x TlQ, C) is said to be a k-cosymplectic Lagrangian 
system. If C is not regular, (R k x T^Q, C) is a k-precosymplectic Lagrangian system. 

The Euler-Lagrange equations are ([25]) . but now the Lagrangian is C = C(t B , qi , Vg), and 
their solutions are sections ip : R k -> R fc x T^Q of the natural projection M fc x T^Q M fc , which 
are first prolongations to R k x T^Q of sections R k — > Q of the natural projection M fc x Q — > 
that is, </? are holonomic. This means that </? = where 

0[1] . — ► R k x r^Q 



* — ^ 1] (*) = (*,^(*)(Jr),---,^(*)(Jfe) 



Furthermore, we denote by X k c (R k x T^Q) the set of fc-vector fields T = (T u . . . , T k ) in R k x T^Q, 
that are solutions to the equations 



^-(r A )n£ = d5 £ -^^-d^ , dt A (f B ) = 6 A ; Ki,Ba. (30) 



A=l A=l 
In a local system of natural coordinates, if 



rx = + M S + (rx)' B ^ (si) 

then r is a solution to ([30]) if, and only if, (T A ) 1 and (TaYb satisfy 

(r A ) = 5 A , (r A ) . Ra . = fA ^Roj , (rAj „ . = v A - 



at*dv A A dt*dv A ' v AJ dv B dv\ A dv B dv A 

dq^dv A dt A dv l A dq k dv A dv B dv A dq l 

When £ is regular, we obtain that (Ta) 1 = v A , and the last equation can be written as follows 



d 2 C k d 2 C .- k d 2 C dC 



dt A dv A A dq k dv\ ^ A B dv B dv A dq l ' ^ ^ 

then f is a SOPDE (see |22j). and hence, if it is integrable, its integral sections are holonomic and 
they are solutions to the Euler-Lagrange equations for C. If is not regular, the existence of 
solutions to the equations (f25j) for C or to (f30|) is not assured, in general, except in a submanifold 
oiT^Q (in the most favourable situations). Moreover, solutions to (|30p are not SOPDE necessarily. 

Definition 7 A k-cosymplectic (or k-precosymplectic) Lagrangian system is said to be au- 

•, 9C , , d£ c A , 

tonomous ij —— r = or, what is equivalent, — — r = 0, 1 < A < k. 
ot A ot A 

Now, all the results obtained in Section 12.51 can be stated and proved in the same way, 
considering the systems (R k xT k 1 Q, C) and (T^Q, L) instead of {R k x (T%)*Q, H) and ((T^)*Q, H). 

Finally, the fc-symplectic and fc-cosymplectic Lagrangian and Hamiltonian systems are re- 
lated by means of the Legendre maps FL and FC. 
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4 Multisymplectic Hamiltonian formalism 

4.1 Multisymplectic manifolds and multimomentum bundles 

(See, for instance, [U]). 

Definition 8 The couple (M,Q), with U G Q k+1 (M) (2 < k + 1 < dim M), is a multisym- 
plectic manifold if O is closed and 1-nondegenerate; that is, for every p G M, and X p G T P M, 
we have that i(X p )0, p = if, and only if, X p = 0. 

A very important example of multisymplectic manifold is the multicotangent bundle A k T*Q 
of a manifold Q, which is the bundle of /c-forms in Q, and is endowed with a canonical multisym- 
plectic (k + l)-form. Other examples of multisymplectic manifolds which are relevant in field 
theory are the so-called multimomentum bundles: let ir: E — > M be a fiber bundle, (dim M = k, 
dim E = n + k), where M is an oriented manifold with volume form lo G O fc (M), and denote 
by (t A ,q l ) (1 < A < k, 1 < n) the natural coordinates in E adapted to the bundle, such that 
u = di 1 A ... A dt k = d k t. First we have A k T*E = Aiir, which is the bundle of /c-forms on E van- 
ishing by the action of two 7r-vertical vector fields. This is called the extended multimomentum 
bundle, and its canonical submersions are denoted by 

k: Mir — > E ; R = it o k: Mir — > M 

We can introduce natural coordinates in Mir adapted to the bundle ir: E — > M, which are 

denoted by (t A ,q % ,pf,p), and such that u = d h t. Then, denoting & k ~ l t A = i (j^j^J dfe *> the 

elements of Mir can be written as pf dq i Ad k ~H A + pd k t. 

Mir is a subbundle of A k T*E, and hence Mir is also endowed with canonical forms. First 
we have the "tautological form" G Q k (M7r), which is defined as follows: let (cc,a) G A^T^E, 
with x£E and a G A k T*E; then, for every X\, . . . , X m G (A^7r) , we have 

®{{x,a)){X u ...,X m ) :=a{x)(T ix>a)K (X 1 ),...,T {Xta) K(X m )) (34) 

Thus we define the multisymplectic form 

fl ■= -de G O fc+1 (7Wvr) (35) 

and the local expressions of the above forms are 

= pfdq i A d k -h A + p d k t , = -dpf A dq i A d* -1 ^ - dp A d fe t (36) 

Consider ir* A k T* M , which is another bundle over E, whose sections are the 7r-semibasic fc-forms 
on E, and denote by J l ir* the quotient A^T* E /ir* A k T* M . J 1 ^* is usually called the restricted 
multimomentum bundle associated with the bundle ir: E — > M. Natural coordinates in J 1 -^* 
(adapted to the bundle ir : £7 — > M) are denoted by (t" 4 , q l ,pf)- We have the natural submersions 
specified in the following diagram 




M 
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4.2 Multisymplectic Hamiltonian formalism 

The Hamiltonian formalism in J 1 !:* presented here is based on the construction made in [5] (see 
also [6] and [9]). 

Definition 9 A section h: J l i:* — > A4tt of the projection fj, is called a Hamiltonian section. 
The differentiable forms &h '■= h*Q and Qh '■= — dOh = h*Q are called the Hamilton-Cartan k 
and (k + 1) forms of J l i:* associated with the Hamiltonian section h. (J l Tt*,h) is said to be a 
Hamiltonian system in J 1 -^*. 

In natural coordinates we have that h(t A ,q\p A ) = (t A ,q l ,p A ,p = —T~i(t A ,q t ,pf)), and 
TL € C°°(U), U C J 1 tt* , is a local Hamiltonian function. Then we have 

Q h = pfdq* A d k ~H A - Hd k t , U h = -dpf A dq l A d^^A + dH A d k t . 

The field equations for these multisymplectic Hamiltonian systems can be stated as 

rp* i{X)n h = , for every X G £(JV) , (37) 

where ip: M — > J 1 tt* are sections of the projection a that are solutions to these equations. In 
natural coordinates, writing ijj(t) = (t , ip l (t) , ipf (t)) , we have that this equation is equivalent to 
the Hamilton-de Donder-Weyl equations for the multisymplectic Hamiltonian system (J 1 ^*, h) 

OH A dipf dH d^ . , 

a? = "g^ ■ ^f = a? • isA<t,i<,s». (38) 

We denote by X{^( J 1 ^*) the set of fc-vector fields X = (Xl, . . . , XjS) in J 1 it* which are solution 
to the equations 

i(H)Q h = i(X 1 )...i(X k )Q h = , i(X)u = i(X 1 )...i(X k )u = l, (39) 

(we denote by to = d k t the volume form in M and its pull-backs to all the manifolds. The 
contraction of A:-vector fields and forms is the usual one between tensorial objects). 

In a system of natural coordinates, the components of X are given by (|15p . then i(X)o> = 1 
leads to {X A ) B = 1, for every A, B = 1, . . . ,k, and hence the other equation (|39p gives 

g-EC^K 1 ■ § = (40) 



The existence of A:-vector fields that are solutions to ([3911 is assured, and in a local system of 
coordinates they depend on n{k 2 — 1) arbitrary functions, but the number of arbitrary functions 
for integrable solutions is, in general, less than n(k 2 — 1). 

Proposition 10 Let X = (Xi, . . . , X^) be an integrable k -vector field in J l ir* and ip: M — > 
J 1 tt* an integral section o/X. Then ip(t) = (t, V^(t), tpf~(t)) is a solution to the equations (38\) . 
and hence to [37\ ), if, and only if, X € X^J 1 ^*). 

(Proof): If tp(t) = (t,^ l (t),'ip A (t)) is an integral section of X, we have that 

and therefore we obtain that (|40p are the HDW-equations f|38[) . ■ 



N. Roman-Roy et al, k-symplectic, k-cosymplectic and multisymplectic formalisms. 



18 



4.3 Relation with the fc-cosymplectic Hamiltonian formalism 



In order to compare the multisymplectic and the /c-cosymplectic formalisms of field theory, from 
now on we consider the case when it: E — ► M is the trivial bundle R k x Q — > R k . Then we 
can establish relations among the canonical multisymplectic form on Mir = A2T*(R fe x Q), 
the canonical /c-symplectic structure on (T£)*Q, and the canonical A:-cosymplectic structure on 



R k x {Tl fQ (see also [20]). First recall that in M 
uj = dt 1 A ... A dt k = d k t. Then: 



we have the canonical volume form 



Proposition 11 1. Mir = A k T* (R k x Q) is diffeomorphic to R k x E x (T%)*Q. 
2. J 1 tt* is diffeomorphic to R k x {T^)*Q. 



(Proof): 

1. Consider the canonical embedding it : Q <^-> R k x Q given by it(q) = (t,q), and the canonical 
submersion p 2 : R k x Q — > Q. We can define the map 



*: A k T*(R k xQ) 

a (t,q) 



R k x R x (T fe 1 )*Q 
(i,p,aj,...,a*) 



where 
a A (X) 



a 



(*,9) 



9? 



(*,?) 



(*,?) 



at* 
5 



dt A ~ l 



d 



{ t, q y {lt) * x > dt^ 



d_ 

(t,g) , "' , dt k 



X G X{Q) 



(note that t A and p are now global coordinates in the corresponding fibres). The inverse 
of ^ is given by 

0(t, 9 ) = P + (p 2 )* tiq) af A d fe ~%| (t>(?) . 

Thus, $ is a diffeomorphism. Locally ^ is written as the identity. 
2. It is a straighforward consequence of the above item because 



JV = A%T*E/Tr*A k T*M 



x (Tfc )*Q 



Next, using a procedure analogous to that in the above proof, we can give the 
Relationship between the canonical geometric structures in R k x R x (T£)*Q and 



Let j: [Tl)*Q Ml fc xRx {T£)*Q be the natural embedding of [TlfQ into tfxMx (TlfQ 
the zero-sectio 
and VL in .M7T 

A (X) 



as the zero-section of the bundle R k xf x (T^)*Q — > (T£)*Q. Starting from the canonical forms 

x R x (T fc 1 )*Q we can define the forms 6 A on (T jfc 1 )*Q, 1 < A < fe, by 

9 d d d 
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Then for X,Y £ X((T fe 1 )*Q), we get the 2-forms uj a on (T fc 1 )*Q given as 



u A (X,Y) 



-d9 A (X,Y)=f 



ol x— d v 8 — 

1 3 * ' dt 1 ' " ' ' dt A ~ l ' J * ' dt A + l ' " ' ' dt k 



(-i) fc+1 ( j 



(42) 



From (I36p we obtain the local expressions 



6» A = pfdif , u A = dq i A dpf . 



Furthermore, we have the involutive distribution V = ker (vtq)^, and hence (uj a , V; 1 < A < k) 



is the canonical fc-symplectic structure in {T^)*Q. 



Conversely, starting from this /c-symplectic structure in (T^)*Q we can obtain the canonical 



forms in Mir 



xRx (T fc 1 )*Q, by doing 



® =pd K t + <j* 2 6 A Ad k -H A , n = -dQ = -dpAd le t + a^uj A Ad K - l t A 

where er 2 : R k x R x (T^)*Q — > (T£)*<2 is the canonical submersion. 
Summarizing, we have proved that: 



*, ,^4 A j/c-1j 



(43) 



Theorem 4 T/ie canonical multisymplectic form on Ain ~ 1* x R x (T^)*Q and the 2-forms 
of the canonical k-symplectic structure on (Tj,)*Q are related by and |^3| ). 



Relationship between the canonical geometric structures in i x K x (Tl)*Q and 
in R k x {Tl)*Q. 

In an analogous way, we can also relate the canonical geometric structures in R k xRx (T^)*Q 
and in R k x (T fe 1 )*g. In fact, denoting by i: R k x (T%)*Q ^ R k xRx (T*)*Q the natural 
embedding of R k x {T^)*Q into R'xlx (T^)*Q as the zero-section of the bundle fi: R k xRx 
{Tl)*Q -^R k x (T£)*Q\ then from the canonical forms 9 and £1 in Mir ~l fc xRx (T^)*Q we 
can define the forms 9 A on R k x {T^)*Q as follows: for X G X(R k x {T^)*Q), and 1 < A < k, 



Q A (X) 
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— AilA _ 

dt 1 ''"' dt A ~ 1 ' * ' dt A + 1 '"^ dt k 



(X) 



(Tl)*Q), we obtain the 2-forms Q A on R k x {T^)*Q, 



Then, for X,Y G X 

n A (x,Y) = -de A (x,y) = r 

- (- 1 > t+1 H<^)- i (|r)("Ad^)])(x,f) 



^A, ml , . . . , dtA _ x ,UX, mA+1 ,---, dfk 



(44) 



(These forms have the same coordinate expressions as 9 A and to A ). Furthermore, although the 1- 
forms r\ A are canonically defined on R k x (Tu)*Q, we can recover them from the multisymplectic 

'V" 



form n as follows: for X £ 3L(R k x (T fc 1 )*Q), 
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whose coordinate expressions are rj = dt A . These forms can also be defined by introducing the 
canonical embedding 

j : R k x {Tl)*Q ^ R k xRx (T£)*Q 
(i,a£,...,a*) -» (t,l,Q x ,...,0 x ) 

and then making 

X G 3L(R k x {Tl)*Q) . (46) 

Furthermore, we have the involutive distribution V = ker (-7f 2 )* = (^~^a )> anc ^ nence I 7 ?" 4 ' V; 1 < 

j4 < fc) is the canonical fc-cosymplectic structure in R k x (T^)*Q. 

Conversely, starting from this /c-cosymplectic structure in R k x (T^)*Q we can obtain the 
canonical forms in Mir ~ R fe x R x (T^)*Q, by doing 

Q =pd k t + a* 2 Q A Ad k -H A , = -d6 = -dp A d k t + a* 2 n A Ad*" 1 ^ (47) 

where ct 2 : M fc x R x {T^YQ — > (T^)*Q is the canonical submersion. 
Summarizing, we have proved that: 

Theorem 5 T/ie canonical multisymplectic form on A4ir ~ R fc x R x (T fc x )*Q and f/ie 1 and 
2-forms of the canonical k-cosymplectic structure on R k x (T^)*Q are related by (44\ ), [(5\ ) (or 
and gf. 

Relationship between the canonical geometric structures in J vr* ~ R fe x (T Jfe 1 )*Q. 

It is important to point out that, as the bundle \x: Mir ~ R k x R x (T^)*Q — > J 1 ^* ~ 
M fc x (Tu)*Q is trivial, then Hamiltonian sections can be taken to be global sections of the 
projection fx by giving a global Hamiltonian function H G C°°(R k x (T£)*Q). Then we can also 
relate the non-canonical multisymplectic form with the fc-cosymplectic structure in R k x {Tl)*Q 
as follows: starting from the forms Oh and Q.^ in R k x (T£)*Q, we can define the forms @ A and 
n A on R fc x (T fc x )*Q as follows: for X,Y e X(R k x (T fc 1 )*Q), and 1 < A < k, 

= -('(^)- ! (^)(e,Ad^)) ( x) 

SJ- 4 (X,f) = -d0- 4 (X,f) = (-l)'+ 1 (i(A),^ ! Y^(fi kAd( ^(x,f), (48) 

and the 1-forms r\ A = dt A are canonically defined. 

Conversely, starting from the canonical fe-cosymplectic structure on R k x (Tu)*Q, and from 
7i, we can construct 

Q h = -Hd k t + Q A A d^" 1 ^ , = -d9 = dTL A d fc t + ft A A d*" 1 ^ (49) 
So we have: 



'dt A - 



T>Oo) 



Theorem 6 TTie multisymplectic form and the 2-forms of the canonical k-cosymplectic structure 
on J 1 it* ~ R k x (T fc 1 )*Q are re/ated 6?/ gSp and g^). 
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Finally, the following result about the solutions to the Hamiltonian equations establishes the 
complete equivalence between both formalisms: 

Theorem 7 A k-vector field X = (Xi, . . . ,X k ) in J 1 ^* ~ R k x (T£)*Q is a solution to the 
equations \13\) if, and only if, it is also a solution to the equations that is, X^(M. k x 

(T k 1 )*Q)=X k H (R k x(T k 1 )*Q). 

{Proof): The proof is immediate, bearing in mind that in natural coordinates the solutions to 
the equations (fT3|) and ([39]) are partially determined by the equations (fT6j) and ((ID"]) respectively, 
and these are equivalent. ■ 



5 Multisymplectic Lagrangian formalism 

5.1 Multisymplectic Lagrangian systems 

(For details, see [7] and the references quoted therein). Consider the first-order jet bundle 
he'- J 1 ^ — > E, which is also a bundle over M with projection tt: J lr n — > M, and is endowed 
with natural coordinates (t A ,q\v A ), adapted to the bundle structure. A Lagrangian density is 
a 7f-semibasic £>form on J l ir, and hence it can be expressed as L = Cuj, where £ E C 00 (J 1 7r) 
is the Lagrangian function associated with L and u. Using the canonical structures of J 1 ^, we 
can define the Poincare-Cartan k and (k + l)-forms, which have the following local expressions: 

e L = |£<tf a d k ~H A - ( M-j A - c] d k t 

ov A V v v a / 

n h = -^HAd^Ad-%- ¥ -d^d ? -Ad^ + 

d2C -v A dv B A d k t + ( - + J^r) *t A d k t 



dv j B dv\ B XdqidvL U dqJ 8t A d 



V 



( J 1 ^, L) is said to be a Lagrangian system. The Lagrangian system and the Lagrangian func- 
tion are regular if is a multisymplectic (k + l)-form. Elsewhere they are singular (or non- 
regular), and f^L is a pre-multisymplectic form. The regularity condition is locally equivalent to 
det{ a ®AQ v B ) 7^ 0, at every point in J 1 tt. 

The Lagrangian field equations can be stated as 

(0 1 )* i(X)n h = , for every X G 3L(J 1 k) , 

where 4>: M — > E are sections of the projection tt, and 1 : M — > J 1 ^ are their canonical liftings, 
which are solutions to these equations. In natural coordinates, writing <p(t) = (t,(p l (t)), we 
have that this equation is equivalent to the Euler-Lagrange equations (|25p for the Lagrangian 
C. Furthermore, we denote by X^J 1 ^) the set of /c-vector fields f 1 = (f i, . . . , ffc) in J l ii, that 
are solutions to the equations 

i(f)«L = , i(f)w = l (50) 

In a system of natural coordinates the components of T are given by (|31|) . then T is a solution 
to (|50|) if, and only if, (Ta) B = 1, for every A, 1? = 1, . . . ,k, and (f^)* and (f a)b satisfy the 
equations ([32]) . When C is regular, we obtain that (Ta) % = v\, and the equations ([331 hold: 
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then f 1 is a SOPDE, and hence, if it is integrable, its integral sections are holonomic and they are 
solutions to the Euler-Lagrange equations for C. If C is not regular, the existence of solutions 
to the equations (|25|) for C or to (I50p is not assured, in general, except in a submanifold of J 1 -^ 
(in the most favourable situations). Moreover, solutions to (|50p are not SOPDE necessarily. 

Finally, Ol £ i? 1 (J 1 7r) being 7TE-semibasic, we have a natural map FC: J lr K — > A4ir, given 

F£(y) = 9 L (y) ; j/eA 

which is called the extended Legendre map associated to the Lagrangian C. The restricted 
Legendre map is FC = fioFC: J 1 ^ -> JV. Their local expressions are 

F£ : (tV,<i)« (*' 4 .«'.||) (51) 

Moreover, we have -F£ = 0l, and FC £1 = Q^. Observe that the Legendre transformations 
FC defined for the /c-cosymplectic and the multisymplectic formalisms are the same, as their 
local expressions (|28j) and (|51|) show. 



5.2 Relation between multisymplectic and fc-cosymplectic Lagrangian sys- 
tems 

In the particular case E = R fc x Q, we have J 1 ! ~ R fc x T^Q and we can define the Energy 
Lagrangian function Sjc as 

f -a (± A N 

■ dC 

whose local expression is £c = v\——. C. Then we can write 

ov l A 

Fir f fir \ 



6l = -rrrdq* A d fc - x t A - £ c dH , JlL = -d tj Ad 9 'A d*"^ + d£ c A d fc t 
cw^ V ° v a / 

In this particular case, as in the Hamiltonian case, we can relate the non-canonical La- 
grangian multisymplectic (or pre-multisymplectic) form with the non-canonical Lagrangian 
fc-cosymplectic (or £;-precosymplectic) structure in M fc x T^Q constructed in Section [3.31 as fol- 
lows: starting from the forms Ol and S7l in J 1 ^ — R fc x Tj^Q, we can define the forms Q A and 
£l A on M fc x T^Q, as follows: for X, Y £ X(M fe x T^Q), and 1 < A < k, 



Si£(X.Y) = -de i 4 = (-l)'- +1 (i(| E )...i('|i-)(!! L Adt- 4 ))(X,V). (52) 

and the 1-forms r\ A = dt A are canonically defined. 

Conversely, starting from the Lagrangian /c-cosymplectic (or fc-precosymplectic) structure on 
M fc x T^Q, and from £c, we can construct on R fc x T\Q ~ J 1 -^ 

e L = -^ £ d fc t + o£ a d^ 1 ^ , fi L = -de L = d£ c a d k t + n A A d k ~ l t A (53) 



So we have proved that: 
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Theorem 8 The Lagrangian multisymplectic (or pre-multisymplectic) form and the Lagrangian 
2- forms of the k-cosymplectic (or k-precosymplectic) structure on J 1 n = R k x T k l Q are related 
by (53) and (M). 



The discussion in the above section about the Lagrangian equations proves the following 
result, which establishes the complete equivalence between both formalisms: 

Theorem 9 A k -vector field T = (Ti, . . . , L\) in J T^Q is a solution to the equations 

115 0\) if, and only if, it is also a solution to the equations \30\); that is, we have that X k -(R k x 
TiQ)=^(R fc xTiQ). 



Appendix: Correspondences between the formalisms 

Hamiltonian formalism 

fc-symplectic fc-cosymplectic Multisymplectic 

Phase space (T%)*Q R k x (T^)*Q Mtt -» JV 

6 A &k 1 {(Tl)*Q) <d A G A 1 (IR fc x (T£)*Q) G G A k (Mir) 



Canonical 
forms 



oj a = -de A n A = -do A n = -de 



Hamiltonians H : (T fc 1 )*Q — > R H:R k x (T£)*Q — > R h : JV -» Xvr 

e h = ft*e, n h = h*n 

h 

Geometric A A V i(X A )Q A = dH - —rdt A i(X)n h = 

equations ^— ' v ' A=i zfXjo; = 1 

= ^ 



(Xi, . . . , Xk) (Xi,...,Xk) 
k-vector field on (T^)*Q k-vector field onM fc x (T k l )*Q 



X k-vector field on J 1 it* 



Lagrangian formalism 



/c-symplectic 

Phase space T k Q 
Lagrangians L : T k l Q — > R 

o£€A\t£q) 



Lagrangian 
forms 



-dO' 



Geometric 
equations 



Y j i{T A )u A =E L 



A=l 



(Pi,...,r fc ) 

k-vector field on T^Q 



fc-cosymplectic 

R k x T\Q 

C : R k x TlQ -► I 



@ A G A 1 ^ x TlQ) 



n A 



-de A 



i$A)n A = d£ c - §^dt A 

dt A (T B ) = 5 A 

(fi,...,f fc ) 
k-vector field onl 1 ' x T%Q 



Multisymplectic 

C : J 1 tt -» R, L = Cu 
G L G A fc (J^) 
Ol = <>(-) 

i(f_)n L = o 
i(r)w = i 

r k-vector field on J 1 it 
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